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Abstract
Emerging of free (or quantum Boltzmann) statistics for a model of quantum par-
ticle interacting with quantum field is described in the stochastic limit without dipole
approximation. The quantum field is considered in a Gaussian (for example tempera-
ture) state. Entangled operators which describe interaction of the field and the particle
satisfy the q-deformed relations which in the stochastic limit generate free statistics.
1 Introduction
In the present paper we discuss the stochastic limit for a quantum particle interacting with a
quantum Bose field without dipole approximation. We shaw that in this limit some collective
excitations of the field and the particle (the entangled operators defined as a free evolution
of contributions to the interaction Hamiltonian of the field and the particle) obtain free (or
quantum Boltzmann) statistics. The algebra of free creation–annihilation operators is given
by the relations
bib
†
j = δij ,
annihilation operators bi do not commute and constitute a free algebra. We show that in
the model under consideration some deformation of this algebra emerges. Free operators of
creation and annihilation were studied in the free probability theory, see [1], these operators
are related to the theory of random matrices and the limit semicircle Wigner law.
The stochastic limit studies the dynamics of quantum system interacting with environ-
ment with coupling constant λ in the van Hove–Bogoliubov rescaling t 7→ t/λ2 in the limit
λ → 0, i.e. the effect of weak interactions in the regime of large times [2].
Before the stochastic limit the entangled operators constitute an algebra with ”dynam-
ically” q-deformed relations, see formulae (3), (4), (5) below, free creation and annihilation
operators arise as the stochastic limit of the q-deformed creations and annihilations. The
quantum field (the environment) is in some Gaussian (for example temperature) state. For
the case when the environment field is in the Fock state (i.e. the state is given by the vacuum
average) the corresponding model was considered in [3], see also [2], [4]. Other models with
non-linear interaction and free statistics in the stochastic limit were studied in [5], [6]. In
the present paper we generalize the approach of [3] for the case of general Gaussian state.
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For the consideration of the temperature state we apply the free analogue of the tempera-
ture double construction, i.e. a variant of the Bogoliubov transformation which allows to
represent an arbitrary Gaussian state of the field using Fock states for a pair of auxiliary
fields (see section 4 of this paper).
The exposition of the present paper is as follows. In Section 2 the model of interaction of
a particle and a Bose field without dipole approximation is described, entangled operators
describing collective excitations of the field and the particle are introduced, dynamically q-
deformed relations for these operators are described, and the example of 4-point correlation
function demonstrates the emerging of free statistics in the stochastic limit. In Section
3 correlation functions for the algebra of q-deformed relations for entangled operators are
computed in an arbitrary (non-squeezed mean zero) Gaussian state and the stochastic limit
for these correlation functions is obtained. In Section 4 it is shown that the stochastic
limit of correlation functions of Section 3 equals to correlation functions for some algebra of
free creation and annihilation operators constructed in analogy to the construction of the
temperature double.
2 Dynamical q-deformation
Formulation of the model. Let us consider Hamiltonian of a quantum particle interact-
ing with quantum Bose field without dipole approximation
H = H0 + λHI =
∫
ω(k)a†(k)a(k)dk +
1
2
p2 + λHI ,
HI = p · A(q) +A(q) · p =
∫
d3k
(
g(k)p · eikqa†(k) + g(k)p · e−ikqa(k)
)
+ h.c.,
q = (q1, q2, q3), p = (p1, p2, p3), [qh, pk] = iδhk,
a(k) = (a1(k), a2(k), a3(k)), a
†(k) = (a†1(k), . . . , a
†
3(k)), [aj(k), a
†
h(k
′)] = δjhδ(k − k
′).
Here q and p are coordinate and momentum of the particle, the field a(k) possesses
dispersion ω(k), function g(k) is a formfactor of interaction of the field and the particle.
In the procedure of the stochastic limit one computes approximation for the perturbation
series for evolution operator in interaction picture. We study the free evolution of the
interaction Hamiltonian HI(t) = e
itH0HIe
−itH0 and the van-Hove–Bogoliubov rescaling by
square of the coupling constant λ, then we take the weak coupling limit λ → 0
1
λ
HI
(
t
λ2
)
=
1
λ
A(t/λ2) + h.c. =
∫
d3kp(g(k)aλ(t, k) + g(k)a
†
λ(t, k)) + h.c.
We obtain values which describe the simultaneous free evolution of the field and the
system (entangled operators)
aλ(t, k) =
1
λ
ei
t
λ2
H0e−ikqa(k)e−i
t
λ2
H0 =
1
λ
e−i
t
λ2
[ω(k)+ 12 k2+kp]e−ikqa(k), (1)
a†λ(t, k) =
1
λ
ei
t
λ2
[ω(k)− 12 k
2+kp]eikqa†(k). (2)
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Dynamical q-deformation. There is an important observation: entangled operators sat-
isfy the algebra of dynamically q-deformed relations
aλ(t, k)a
†
λ(t
′, k′) = a†λ(t
′, k′)aλ(t, k)qλ(t− t
′, kk′) +
1
λ2
qλ
(
t− t′, ω(k) +
1
2
k2 + kp
)
δ(k − k′),
(3)
aλ(t, k)p = (p+ k)aλ(t, k), (4)
aλ(t, k)aλ(t
′, k′) = aλ(t
′, k′)aλ(t, k)q
−1
λ (t− t
′, kk′), (5)
where the function q is the oscillating exponent
qλ(t− t
′, x) = e−i
t−t′
λ2
x.
Let us call t − t′ the time argument of the oscillating exponent and x the energetic
argument. Let us consider the problem of construction of the master–field, i.e. the stochastic
limit of the entangled operator
b(t, k) = lim
λ→0
aλ(t, k)
and the corresponding commutation relations.
We would like to use the limit for the oscillation exponent (in the space of tempered
distributions)
lim
λ→0
qλ(t, x) = 0, lim
λ→0
1
λ2
qλ(t, x) = 2piδ(t)δ(x). (6)
It is natural to expect that commutation relations for the master–field are limits of the
dynamically q-deformed relations (3), (4)
b(t, k)b†(t′, k′) = 2piδ(t− t′)δ
(
ω(k) +
1
2
k2 + kp
)
δ(k − k′), (7)
b(t, k)p = (p+ k)b(t, k), (8)
and the third relation (5) generates the free statistics, i.e. makes creations non-commuting
(contrary to the Bose case) and creations form a free algebra. We will check that the master–
field has free statistics and satisfies (7), (8) in the case when the field a(k) is in the Fock
state. For more general Gaussian states of the field (in particular temperature state) we will
get a generalization of (7), (8) — a quantum algebra with free statistics and relations which
depend on the temperature. Here master–field is delta–correlated with respect to time, i.e.
it is a quantum white noise (with free statistics).
Example: Free statistics for 4-point correlator. Let us discuss the emerging of free
statistics in the limit λ → 0. Operators aλ(t, k) satisfy relations (5). One could suggest that
in the limit λ → 0 these relations tend to b(t1, k1)b(t2, k2) = 0. But this is not the case.
Actually this relation leads to free statistics (i.e. annihilation operators in the limit do not
commute). To prove this let us consider the 4-point correlator (in the Fock state)
〈aλ(t1, k1)aλ(t2, k2)a
†
λ(t
′
2, k
′
2)a
†
λ(t
′
1, k
′
1)〉 = (9)
=
1
λ2
qλ
(
t2 − t
′
2, ω(k2) +
1
2
k22 + k2(p+ k1)
)
δ(k2 − k
′
2)
3
1λ2
qλ
(
t1 − t
′
1, ω(k1) +
1
2
k21 + k1p
)
δ(k1 − k
′
1)qλ(t2 − t
′
2, k2k
′
2)+
+
1
λ2
qλ
(
t1 − t
′
2, ω(k1) +
1
2
k21 + k1p
)
δ(k1 − k
′
2)
1
λ2
qλ
(
t2 − t
′
1, ω(k2) +
1
2
k22 + k2p
)
δ(k2 − k
′
1)qλ(t2 − t
′
2, k2k
′
2).
The first contribution contains the product of terms 1
λ2
qλ(t1−t
′
1, ·),
1
λ2
qλ(t2−t
′
2, ·) (which
tend to δ-functions), and qλ(t2 − t
′
2, ·) (which tend to zero), but this term (tending to zero)
has the time argument coinciding with the time argument of one of non-zero in the limit
λ → 0 oscillating exponents. Hence the product of these two terms survives in the limit (the
limit of products is not equal to the product of limits).
In the second contribution all oscillating exponents have different time arguments, thus
the tending to zero oscillating exponent can not cancel and the limit λ → 0 of the second
contribution equals to zero. The first contribution corresponds to a non-crossing, or rainbow
diagram, the second contribution corresponds to a crossing diagram. One can see that in
the stochastic limit only non-crossing diagrams survive.
Let us consider the 4-point correlator with permutated first two terms (using the com-
mutation relation (5))
〈aλ(t2, k2)aλ(t1, k1)a
†
λ(t
′
2, k
′
2)a
†
λ(t
′
1, k
′
1)〉q
−1
λ (t1 − t2, k1k2) = (10)
= q−1λ (t1 − t2, k1k2)
( 1
λ2
qλ
(
t1 − t
′
2, ω(k1) +
1
2
k21 + k1(p+ k1)
)
δ(k1 − k
′
2)
1
λ2
qλ
(
t2 − t
′
1, ω(k2) +
1
2
k22 + k2p
)
δ(k2 − k
′
1)qλ(t1 − t
′
2, k1k
′
2)+
+
1
λ2
qλ
(
t2 − t
′
2, ω(k2) +
1
2
k22 + k2p
)
δ(k2 − k
′
2)
1
λ2
qλ
(
t1 − t
′
1, ω(k1) +
1
2
k21 + k1p
)
δ(k1 − k
′
1)qλ(t1 − t
′
2, k1k
′
2)
)
.
In this case due to presence of the oscillating exponent q−1λ (t1 − t2, k1k2) this first con-
tribution tends to zero. In the second contribution two oscillating exponents (which tend
to zero) cancel and give qλ(t2 − t
′
2, k1k2), the time argument is this term coincides with the
argument in one of non tending to zero oscillating exponents. Hence application of relation
(5) implies that in the limit of 4-point correlator crossing diagram survives and non-crossing
vanishes. But these diagrams correspond to above diagrams in (9) (for (9) and (10) crossing
and non-crossing diagrams change roles, hence if one tries to permute annihilations using
relation (5), then operators in the limit permute restoring the initial order). Therefore
commutation relation (5) in the limit vanishes (the statistics becomes free).
3 Computation of N-point correlator
In present Section we compute the form of many-point correlator for algebra of entangled
operators (3), (4), (5)
〈aε1λ (t1, k1) . . . a
εN
λ (tN , kN)〉.
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Here aε denotes a or a† (ε = −1 for a and ε = 1 for a†), brackets 〈·〉 denote a Gaussian (in
particular temperature) state.
Gaussian state (non-squeezed and mean-zero) for the algebra of canonical commutation
relations is described by the Wick theorem (or variation of this theorem by Bloch and de
Dominicis). In this state average of a monomial over creations and annihilations can be
non-zero only if the number n of creations equals to the number of annihilations. Non-zero
pairings of creations and annihilations (averages of products of two operators) are equal to
〈a†(k)a(k′)〉 = N(k)δ(k − k′), 〈a(k)a†(k′)〉 = (N(k) + 1)δ(k − k′).
In particular for the temperature state
N(k) =
1
eβω(k) − 1
,
where β is the inverse temperature and ω(k) is the dispersion of the field with wave vector
k (the Planck constant is taken equal to one).
For a monomial of length N = 2n correlation function
〈aε1(k1) . . . a
εN (kN)〉, N = 2n
is equal to the sum over partitions of the monomial in pairs of creations and annihilations
of products of pairings and has the following form.
Let ε = (ε1, . . . , ε2n) be a sequence of creations and annihilations in the monomial,
σ(ε) = {(mj , m
′
j)}, j = 1, . . . , n be a partition of the monomial in pairs of creations and
annihilations (mj is the position of creation and m
′
j is the position of annihilation in the
pair, all positions in the partition are different). Let us also introduce the symbol of ordering
of a pair δj = sign
(
mj −m
′
j
)
(i.e. δj = 1 if a
† is on the right side of a in the j-th pair and
δj = −1 in the opposite case). To any partition of a monomial one can put in correspondence
a diagram where operators are vertices in a segment ordered in relation to their positions in
the monomial (to the left in the monomial — to the left in the segment), and pairs are shown
by edges connecting vertices, let the segment belongs to the abscissa axis in the coordinate
plane and the edges lie in the upper half-plane. A diagram is called non-crossing if edges
can be depicted without crossings. Any vertex belongs to exactly one edge (mj , m
′
j). Let us
enumerate edges in the diagram according to order of their left vertices (i.e. edge with left
vertex to the left will have smaller number in the numeration of edges).
The correlation function is equal to a sum over partitions σ (i.e. over diagrams)
〈aε1(k1) . . . a
εN (kN)〉 =
∑
σ(ε)
n∏
j=1
M(kmj )δ(kmj − km′j ),
M(kmj ) = N(kmj ) +
1
2
(δj + 1), δj = sign
(
mj −m
′
j
)
. (11)
In particular for the Fock state N(k) = 0 and mj > m
′
j for all non-zero contributions
to the correlation function. Due to presence of delta-functions wave vectors kmj , km′j of
creations and annihilations in a pair coincide.
N-point correlator for entangled operators (1), (2) has the form
〈aε1λ (t1, k1) . . . a
εN
λ (tN , kN)〉 =
1
λ2n
2n∏
s=1
[
e−i
ts
λ2
[ω(ks)+ 12 k2s+ksp]e−iksq
]−εs∑
σ(ε)
n∏
j=1
M(kmj )δ(kmj−km′j ),
5
which contains the product of delta-functions corresponding to edges in the diagram (pairs of
creations and annihilations from the partition of the monomial) and the product of exponents
corresponding to vertices of the diagram. This product contains non-commuting operators
and is ordered from the left to the right.
Let us also enumerate time arguments for entangled operators as tmj , tm′j . Analogously,
let us enumerate indices εmj , εm′j . Both quadratic correlation functions (pairings of vertices
of the diagram) 〈aλ(tm′j , km′j )a
†
λ(tmj , kmj )〉, 〈a
†
λ(tmj , kmj )aλ(tm′j , km′j)〉 corresponding to edges
of the diagram can be put in the form
1
λ2
e
i
(
tmj
−t
m′
j
)
λ2
[
ω(kmj )+δj
1
2
k2mj
+pkmj
]
M(kmj )δ(kmj − km′j). (12)
Let us express N -point correlator using above correlation functions.
Correlation function is a sum over diagrams (partitions of the monomial). We would like
to express contribution to the correlation function which corresponds to a diagram in the
form of product over edges of pairings of vertices, this product should also contain multipliers
arising from permutations of the terms in the products of non-commuting exponents in the
above formula. To put contribution in this form one has to move multipliers eiδlklq in the
product (corresponding to vertices connected by edge) from the right to the left (move
the right end of the edge to the left end). Since edge corresponds to delta-function of
wave vectors, multipliers e±ikq for different ends of the edge cancel. We obtain product of
commuting operators (which contain functions of the momentum p).
Let us introduce notations a(l) = min(ml, m
′
l), b(l) = max(ml, m
′
l). Let us perform the
described above procedure of moving multipliers for the first pair (m1, m
′
1). We will obtain
pairing (12) for the first pair and commutation of multipliers gives (for l = 1)
b(l)−1∏
s=a(l)+1
[
e−i
ts
λ2
[δlkskml ]
]−εs
=
b(l)−1∏
s=a(l)+1
ei
ts
λ2
εsδlkskml .
Repeating this procedure for all edges of the diagram we get for contribution to the correla-
tion function related to diagram the expression
n∏
j=1
1
λ2
e
i
(
tmj
−t
m′
j
)
λ2
[
ω(kmj )+δj
1
2
k2mj
+pkmj
]
M(kmj )δ(kmj − km′j )
b(j)−1∏
s=a(j)+1
ei
ts
λ2
εsδjkskmj .
Herewith if some l-th edge is situated inside the j-th edge then the product over s will
contain two contributions from the l-th edge (corresponding to ends of this edge), moreover
wave vectors for ends of the edge will coincide. Hence product of these terms is equal to
ei
tal
−tbl
λ2
εalδjkmlkmj = ei
tml
−t
m′
l
λ2
δjkmlkmj ,
therefore this contribution will depend on the time argument which coincides with the time
argument for some edge of the diagram. If some edges cross we will obtain time arguments
which will not correspond to any edge of the diagram. In the stochastic limit λ → 0
contributions of these diagrams will tend to zero. Product of contributions of crossings of
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edges in the diagram which cross the j-th edge takes the form

 ∏
l:a(l)<a(j)<b(l)<b(j)
ei
tbl
λ2
εblδjkblkmj



 ∏
l:a(j)<a(l)<b(j)<b(l)
ei
tal
λ2
εalδjkalkmj

 .
Summing up the above discussion and using (6) we get:
Theorem 1 N -point correlation function of entangled operators has the form
〈aε1λ (t1, k1) . . . a
εN
λ (tN , kN)〉 =
=
∑
σ(ε)
n∏
j=1
1
λ2
e
i
(
tmj
−t
m′
j
)
λ2
[
ω(kmj )+δj
1
2
k2mj
+pkmj+
∑
l:a(l)<a(j)<b(j)<b(l) δlkmlkmj
]

 ∏
l:a(l)<a(j)<b(l)<b(j)
ei
tbl
λ2
εblδjkblkmj



 ∏
l:a(j)<a(l)<b(j)<b(l)
ei
tal
λ2
εalδjkalkmj


M(kmj )δ(kmj − km′j ). (13)
Here a(l) = min(ml, m
′
l), b(l) = max(ml, m
′
l), M(kmj ) is given by (11).
The stochastic limit of this correlator takes the form
lim
λ→0
〈aε1λ (t1, k1) . . . a
εN
λ (tN , kN)〉 =
=
∑
σ′(ε)
n∏
j=1
2piδ
(
tmj − tm′j
)
δ

ω(kmj) + δj 12k2mj + pkmj +
∑
l:a(l)<a(j)<b(j)<b(l)
δlkmlkmj


M(kmj )δ(kmj − km′j ), (14)
where notation σ′(ε) means that the summation is restricted to non-crossing diagrams.
4 Algebra of the master–field
Construction of the temperature double (a variant of the Bogoliubov transformation)
allows to express arbitrary Gaussian state using the Fock state. Let us consider for bosonic
algebra transformation which expresses annihilation operator a(k) in the form of linear com-
bination of creation and annihilation a1(k) and a
†
2(k) for two independent Bose fields (here
u, v are number parameters)
a(k) 7→ ua1(k) + va
†
2(k),
a†(k) 7→ u∗a†1(k) + v
∗a2(k).
Commutation relation conserves if
[ua1(k) + va
†
2(k), u
∗a†1(k) + v
∗a2(k)] = |u|
2 − |v|2 = 1.
Let fields a1(k), a2(k) be in Fock states. Then
〈a†(k)a(k′)〉 = |v|2δ(k − k′),
7
〈a(k)a(k′)〉 = 〈a†(k)a†(k′)〉 = 0.
Hence using this transformation the Fock state becomes a Gassian non-Fock state (non-
squeezed mean zero). To prove this statement it is sufficient to show that correlation func-
tions for the field a(k) can be computed using the Wick theorem which is guaranteed by the
Wick theorem for fields a1(k), a2(k).
The next theorem allows to represent stochastic limits of correlation functions computed
in Theorem 1 of previous Section using analogue of the temperature double construction for
the algebra of master–field (quantum noise) with free statistics. Contrary to the bosonic case
for the free temperature double not only the state changes but also commutation relations
for the master–field.
Theorem 2 The stochastic limit of the N -point correlation function for entangled opera-
tors is equal to correlator for the master–field algebra
lim
λ→0
〈aε1λ (t1, k1) . . . a
εN
λ (tN , kN)〉 = 〈b
ε1(t1, k1) . . . b
εN (tN , kN)〉,
where the master field possesses relations with free statistics and is given by the sum of two
contributions
b(t, k) = b1(t, k) + b
†
2(t, k), (15)
independent in the free sense b1b
†
2 = b2b
†
1 = 0 and relations
b1(t, k)b
†
1(t
′, k′) = 2piδ(t− t′)δ
(
ω(k) +
1
2
k2 + kp
)
(N(k) + 1)δ(k − k′), (16)
b2(t, k)b
†
2(t
′, k′) = 2piδ(t− t′)δ
(
ω(k)−
1
2
k2 + kp
)
N(k)δ(k − k′). (17)
b1(t, k)p = (p+ k)b1(t, k), (18)
b2(t, k)p = (p− k)b2(t, k). (19)
Correlation functions for the master–field are given by the Fock state for the algebra of
free creations and annihilations with the generators b1, b
†
1, b2, b
†
2.
We have to prove the deformed variation of the Wick theorem for the free statistics.
Correlation function 〈bε1(t1, k1) . . . b
εN (tN , kN)〉, N = 2n takes the form of a sum over all
non-crossing diagrams (which follows from free statistics). Edges in the diagrams correspond
to pairings b1b
†
1, b2b
†
2 (any edge bb
† corresponds to pairing b1b
†
1 and edge b
†b corresponds to
pairing b2b
†
2). Formulae (16), (17) imply that any pairing of this form generates a term in
the correlation function (14) (not taking in account the summation over l). The contri-
bution inside the delta-function which contains summation over l arises due to moving of
the pairing through edges in the process of ordering of operator delta-functions taking in
account relations (18), (19) (using the same arguments applied in the proof of Theorem 1
which generated similar contributions in correlation function (14)).
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